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Abstract. We extend the formalism of Topological T-duality to 
spaces which are the total space of a principal S^-bundle p : E ^ 
W with an 7J-flux in {E, Z) together the together with an au- 
tomorphism of the continuous-trace algebra on E determined by 
H. The automorphism is a 'topological approximation' to a gerby 
gauge transformation of spacetime. We motivate this physically 
from Buscher's Rules for T-duality. Using the Equivariant Brauer 
■ Group, we connect this problem to the C*-algebraic formalism of 

Topological T-duality of Mathai and Rosenberg [1]. 

We show that the study of this problem leads to the study 
of a purely topological problem, namely, Topological T-duality of 
triples (p, b, H) consisting of isomorphism classes of a principal cir- 
cle bundle p-.X-^Band classes b S H^iX, Z) and H G H^{X, Z). 
We construct a classifying space i?3^2 for triples in a manner simi- 
lar to the work of Bunke and Schick [2]. We characterize i?3_2 up 
to homotopy and study some of its properties. We show that it 
possesses a natural self-map which induces T-duality for triples. 
We study some properties of this map. 



1. Introduction 

Topological T-duality is an attempt to study the T-duality symmetry 
of Type II String theory [3] using methods from Noncommutative and 
Algebraic Topology [1, 2, 4, 5]. In the simplest case, T-duality states 
that Type II A string theory on a certain background is equivalent to 
Type II B string theory on another background, that is, acting on the 
original string theory by a canonical transformation (termed T-duality) 
transforms that theory into the dual one. For this to be possible, the 
background spacetime must carry a torus action (which need not be 
free). In this paper we only consider backgrounds which are principal 
circle bundles. 

Both Type IIA and Type IIB String Theory backgrounds possess 
three massless bosonic fields: A graviton (associated to the metric), 
an H-fiux (associated to the Kalb-Ramond field B, H = dB) and a 
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dilaton. As is well known [6], the if-fiux is a closed integral three- form 
which is the gerbe curvature of a gerbe with connection form B on 
that background (The word 'gerbe' is used in the sense of the paper 
Ref. ([6]).) It is a remarkable fact that the Topology and if -flux of 
the T-dual spacetime depend only on the Topology and H-fiux of the 
original spacetime ^. This phenomenon is called Topological T-duality. 

Let X be the manifold which is the model for spacetime. Let {Ua} 
be an open cover of X. We assume that X is a principal circle bundle 
over a base W. We perform a T-duality along the circle orbits in X. It 
is clear that the T-dual background will contain the Topological T-dual 
X* (in the sense of Refs. [1, 2, 4, 5]) as a factor. 

Consider a gerbe with connection on X which is equivariant under 
the S'^-action on X and let Ba = B\u^^ be the gerbe connection re- 
stricted to Ua and H = dB^ the gerbe curvature form. In this paper 
we study large gauge transformations of the gerbe which are equivariant 
under the circle action on X . 

A large gauge transformation may be obtained by tensoring the gcrbc 
on X with a line bundle L ^ X with connection (See Ref. [6] after 
Eq. (2.10), for example.). Further, the large gauge transformations 
generate the gauge group. Locally such transformations are of the 
form Ba — > Ba + F\u^ where F is the curvature of a line bundle with 
connection on X. We require that L be equivariant under the circle 
action on X. Such a gauge transformation has as a characteristic class 
the integral cohomology class of F, namely [F] e H'^{X, Z). Also, due 
to cquivariance, (see Ref. [6] Appendix C for a treatment of equivariant 
line bundles on a principal bundle in another context) the Lie derivative 
of F with respect to the circle action vanishes. 

We write the metric and 5-field on X in Kaluza-Klein form. We 
choose coordinates {9,Xa) locally on the cover {Ua}- We write the 
metric and S-field on X in Kaluza-Klein form as 



ds^ = GoQ{d0 + Aadx'^f + gapdx'^dx^ 
B = {de + Aa)^Bpdx^ + Ba^dx'^^dx^. 



See Refs. [1, 2, 4, 5] for a variety of approaches. 
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If we denote T-dual quantities by tilde superscripts, Buscher's rules 
take the form 

Goo = 1/ Coo? 

4 — R R — 4 

|,^$_lln(G'oo) 

(See, for example, Ref. [7], Ex. (6.12) ). 

Let © denote the connection form on the bundle X and © the con- 
nection form on the T-dual bundle. Prom the above 

© = de + A^dx"" 
© = de + B^dx"" 

where © — dO+Aadx"' and — d9+Badx°' and we have used Buscher's 
Rules above. Now, suppose B ^ B + F on X where dF = and F is 
integral. We may write F = Q AFi + F2 where Fi are horizontal forms 
on X. The T-dual i?-field and metric will now be 

ds'^ = Goo{d0 + B^dx" + Fi^dx"f + g^pdx^'dx^ 
B^ {de + Badx"" + Fiadx") A Apdx/^ + 
Bapdx" A dx'^ + F2apdx'^ A dx^ . 

It is easy to see that since dF = 0, dFi = and, on the T-dual the 
form dFi is zero as well. However F2 is not a closed form in general. 

It can be seen directly from the definition that Fi = p\{F), and so, 
since F is integral, Fi is integral as well. 

We may now make a coordinate transformation of X* which will 
get rid of Fi. Since the gerbe connection on X and on the T-dual 
are both equivariant under the circle action, making such a coordinate 
transformation will cause the T-dual i?-field to undergo a gauge trans- 
formation. This can be seen directly as follows: It is clear that this 
coordinate transformation will be a bundle automorphism (denoted </>) 
of X* and so qo — q. Recall that B^ — B^ — dA^p by definition. We 
have that 

(/)*(5«) - ^*{Bp) = <P*{dAap) = d<p*Aap. 
However, by equivariance^ 



^See for example Ref. [6], Eq. (2.14). 
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where Gap, ha/s are horizontal one and zero forms on X* (See For eg. 
Ref. [6] Eq. 2.14). Therefore, 

(Here 0*0* = 0* since is a bundle automorphism.) Now, 0* will 
in general, act nontrivially on ha/s if the bundle transformation was 
topologically nontrivial. This implies that, compared to the case when 
F — 0, the T-dual S-field has undergone a large gauge transformation. 

As we had said earlier, a large gauge transformation of a gerbe is 
associated to a class in H'^{X, Z). We may pick a large gauge transfor- 
mation, and ask for the characteristic class of the gerby gauge trans- 
formation on the T-dual. 

It was postulated in Ref. [1] that an exterior equivalence class of 
C*-dynamical systems of the form {A, M, a) should be naturally asso- 
ciated to a spacetime with H-fiux which also has a free ^^-action. The 
continuous-trace algebra together with its associated R-action should 
be viewed as a 'topological approximation' to the smooth gerbe on 
spacetime together with the action of on it. In Ref. [8] such a C*- 
dynamical system was constructed naturally from the data of a smooth 
gerbe with connection on X in a large variety of examples. 

Further, Ref. [1] demonstrated that the effect of the T-duality trans- 
formation on spacetime topology was given by the crossed product [9] 
construction in C*-algebra theory in all the examples examined: The 
topological space underlying the T-dual spacetime was always the spec- 
trum of the crossed-product algebra ^ R. Based on this, Ref. [1] 

a 

argued that it was natural to associate to the T-dual the C*-dynamical 
system {A >^ R,R,q;#). 

a 

We may use the definition of Ref. [1] and take as a model for a 
spacetime X with H-fiux, a continuous-trace algebra A with spectrum 
X together with a lift a of the iS'-'^-action on X to a R-action on A 
[10]. Let /C denote the compact operators on a fixed seperable infi- 
nite dimensional Hilbert space. Let p : X ^ W he a principal circle 
bundle and A = CT{X,5), 5 e H^{X,Z). Let a be a lift of the S^- 
action on X to an R-action on A. Let : ^ — ?> ^ be a locally unitary 
automorphism commuting with the R-action. It is well known that 
such automorphisms are determined up to unitary equivalence by their 
Phillips- Raeburn obstruction [11] in H'^{X,Z). 

The following lemma is based on Thm (3.1) of Ref. [12]: 

Lemma 1.1. For X a principal bundle p : X ^ W, Thm. (3.1) of 
Ref. [12] applies even when A = CT{X, 5) for any 5 e H^{X, Z). 
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Proof. The proof of the Theorem only uses the fact that ^ is a continuous- 
trace algebra (See Ref.[12]) and references therein). The fact that A is 
Cq{X,]C) is not used anywhere in that theorem. Thus it applies even 
when the Dixmier-Douady invariant is nonzero. □ 

As a model for a gauge transformation of the gerbe associated to A, 
we take a spectrum-fixing C*-algcbra automorphism (ponA which com- 
mutes with a. We consider the C*-dynamical system. {A,aX(p,M.xZ). 
The C*- algebra automorphism then defines an automorphism ip of 
the crossed-product algebra (See Ref. [12] and Lemma (1.1) above). 
What is the Phillips-Raeburn obstruction of this automorphism? We 
partially answer this question in general in this paper and answer it 
completely for a large class of examples. 

Thus, given any class [A] e H'^{X; Z), there exists a (not necessarily 
unique) action a of M on ^ inducing the given action of = R/Z 
on W and a commuting action A of Z on .4. with Phillips-Raeburn ob- 
struction [A]. Also A passes to a locally unitary action on £^ ^ ^ xi R. 

The actions a and A are (individually) unique up to exterior equiva- 
lence, but unfortunately the pair (a. A), as an action of R x Z, is not 
necessarily unique as a C*-dynamical system, so this construction is 
not entirely canonical. However, this nonuniqucness does not change 
the Phillips-Raeburn invariant of the T-dual automorphism. Thus the 
question asked above is well-defined. 

In Section (2), we introduce a point of view based on the equivari- 
ant Brauer group, which measures precisely this lack of canonicity de- 
scribed above. We show that there is a natural^ map, Tr, which sends 
a C*-dynamical system [A, R x Z, a x 0) to a dual'^ dynamical system 
(^ X R, R X Z, X (/)#). To a C*-dynamical system (A, R x Z, a x 0) 

a 

we asssociate a triple 

(A, Phillips-Raeburn invariant of 0, Dixmier-Douady 

invariant of A). 

We show that there is a well-defined map of triples, T3_2, which sends 
a triple 

(principal bundle p:X^B,be H^(X, Z), 5 E H^(X, Z)) 

to another such triple which commutes with the map Tr described 
above. 



This does not contradict the statement in the previous paragraph, as there we 

were trying to lift a class in H'^{X, Z) to such a dynamical system. 

^We are using a different definition of dual dynamical system from Schneider's 
work, [13], see Sec. (2). 
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We then attempt to give an answer to the question above. In Sections 
(3-6), we study some natural properties of the map T3 2 and show that 
owing to the topological properties of this map, when the Dixmier- 
Douady invariant of A is fixed, there is a partition of H^{X,7j) and 
Z) into cosets such that the T-dual of an automorphism with 
Phillips- Raeburn invariant in a given coset is an automorphism with 
Phillips- Raeburn invariant in another coset. This is enough to answer 
the question posed above for several spaces. 



2. A MODEL FOR THE H-FLVX 

Let X be a model for spacetime with H-fiux H as in Sec. (1). Let 
Ua be an open cover of X. Then, the if-flux is the curvature of a 
smooth 5'^-equivariant gerbe on X and H — dBa locally where 
is the gerbe connection form in Ua- Changes in the S- field keeping 
H fixed correspond to acting on the gerbe on spacetime with a gerby 
gauge transformation. The gauge group of the gerbe is generated by 
the group of line bundles on X with connection (See Ref. [6], Sec. 2, 
for example.). That is, if p : L — > X is a line bundle with curvature 
two-form F, then, under such a gauge transformation on each patch 
Ua, B'^ = Ba + Fa- That is, H = dB locally, and after such a gauge 
transformation H = dB' with d{B — B') = that is, (B — B') is closed 
and integral. Since X possesses a -S^-action (it is the total space of 
a principal circle bundle with W — X/S^), we require that L is 5"^- 
equivariant. 

As explained in the previous section, in the C*-algebraic theory of 
Topological T-duality, the gerbe on spacetime is replaced by a 'topo- 
logical approximation', a continuous-trace algebra A with spectrum X 
and Dixmier-Douady invariant equal to H. In this theory, automor- 
phisms of A define a cohomology class in H'^{X. Z). 

A gerby gauge transformation of the type described above naturally 
defines an automorphism of the associated continuous-trace alge- 
bra with the Philipps-Raeburn class of the automorphism equal to the 
characteristic class of the line bundle L above. To study arbitrary 
changes in the i?-field, that is to study a general gerby gauge transfor- 
mation would probably require the introduction of a smooth structure 
and would difficult to do in the C*-algebraic picture of Topological T- 
duality. However, the theory of integral changes of the 5-field is still 
quite interesting mathematically, as the following sections show. 

The above automorphism (f) oi A gives a Z-action on A. However, A 
possesses a R-action already which is a hft of the -S^-action on X to 
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A. Since L — )■ X is an equivariant line bundle, (p commutes with the 
M-action on A and hence we obtain a Z x M-action on A. 

It will be useful to recall the notion of the Equivariant Braucr Group^: 
Let X be a second countable, locally compact, Hausdorff topological 
space and let G be a second countable, locally compact, Hausdorff 
topological group acting on X. Let Q5rG(X) denote the set of equiv- 
alence classes of C*-dynamical systems consisting of continuous-trace 
algebras AonW together with a lift a of the G-action on X to A. We 
say that the dynamical sytem {A, a) is equivalent to {B, (3) if there is 
a Morita equivalence bimodule ^Mg together with a strongly contin- 
uous G- action by linear transformations 0^ on M such that for every 
s G G, as{{x,y)A) = {(t)s{x)As{y))A, and /^^((a;, y)^) = {(f)s{x),(ps{y))B- 
(Recall, the image of the inner product (, )^ : M x M — )■ ^ is dense 
in A and similarly for It is shown in Ref. [14] that this is an 

equivalence relation and that the quotient is a group. This group is 
termed the Equivariant Brauer Group BrG'(X) of X. The group op- 
eration is the Go(X)-tensor product of continuous-trace algebras and 
group actions. 

Recall that an automorphism of a continuous-trace algebra A can 
be hfted to a Z x R-action on A. Now, a R x Z-action on A gives 

rise to an element of Bt]^xz{X). The M-action on A factors through 
the S'^-action on X, while the Z-action on X is trivial. Also, the lift 
to the M X Z-action is not unique, as we really only care about the 
restriction of the action to the R factor and to the Z factor up to 
exterior equivalence. Hence it is really only the class of the action in 
Br]Rxz(-^)/-f^M(^ ^ ^)C'(X, T)) that we need to answer the question 
in Sec. (1). 

Note that elements of Br^y^z{X) would consist of a Morita equiva- 
lence bimodule between R x Z-dynamical systems and an R-equivariant 

automorphism of the module compatible with the Z x R-action on the 
dynamical systems. Thus by studying BrKxz(-^) we are simply adding 
more structure to BrK(X). 

We conjecture that elements of this group are a good model for 
spacetimes with a possibly nonzero S-field. Let Fi : Br^xzC-'^) ~^ 
Brz(X) and F : BTKy^z{X) — )■ BrR(X) be the forgetful maps. We 
formalize the above discussion in the following 

Def 2.1. Let X be a locally compact, finite dimensional CW-complex 
homotopy equivalent to a finite CW-complex. Let X also be a free S^- 
space with W — X/S^, so that we have a principal -bundle p : X — >■ 



^We use Ref. [14] here. 
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W. An element y = [A, a x (p] of Br]Rxz(^) is now defined to be a 
model for a space with nonzero H-flux or zero H-flux and a nonzero 
integral B-field. The H-fiux H is' H = F{y) = [A\. If H = 0, the 
B-field is the unique class^ in H'^{X,Z) which determines Fi{y). This 
class is equal to the Phillips-Raeburn class of (f). 

By Ref. [14], there is a natural filtration of Bi^^xi^) given by 
< Bi < ker(F) < BrKxz(-^), where Bi is a quotient of Hlj{R x 
Z, C(X, T)). We argue below that each step in this filtration corre- 
sponds to one of the gauge fields in the problem. 

We need the following 

Theorem 2.1. Let p : X W be as above. 

(1) We have a split short exact sequence 

^ ker(F) ^ BrMxz(X) 4 Br(X) ^ 

where F : Br]Kxz(-^) — ^ Br(X) is the forgetful map. 

(2) We have a surjective map r] : ker(F) — t- H^{X, Z). 

(3) We have a natural isomorphism i7|^(R, C(X, T)o) ~ C{W, M). 

(4) The group Hlj{M. x Z, C{X, T)) is connected and there is a nat- 
ural surjective map q : //^^(R x Z, C{X, T)) C{W, T)q. 

Proof. (1) We have a forgetful homomorphism Fi : Br]Rxz(^) 

Br]R(X), where Fi : [A, an x 0] — )■ a]. This map is obviously 
surjective, since we have a section s : [.4, a] — )■ [A, a x id]. 

Since Bt^{X) = H^{X,Z) (by Sec. (6.1) of Ref. [14]), the 
kernel of Fi consists of Morita equivalence classes of dynamical 
systems [A, a x 0] such that S{A) = 0. Thus, it actually consists 
of the group ker(F), where F : Br]Rxz(^) ^ Br(X) is the map 
forgetting the group action. 
(2) By Thm. (5.1) of Ref. [14], we have a homomorphism r] : 
ker(F) ^ Hlj(R x Z,H^{X,Z)). Now, by Thm. (4.2) of Ref. 
[1], we have that i/]^(R x Z, M ) ~ H'^{B{R x Z), M) for any 
discrete M x Z module M. Also, £(M x Z) ~ 5\ so //^(M x 
Z,H^{X,Z)) ~ H^{X,Z). 

By Thm. (5.1) item (2) of [14], the image of rj has range 
which is all of H^{X,Z) since /J|^(R x Z,C{X,S^)) = by 
Thm. (2.2.1). Hence we have a surjective homomorphism rj : 
ker(F) ^ H^{X,Z). 

^Here a is a lift of the S'^-action on X to a R-action on A, while </> is a commuting 
spectrum-fixing Z-action on A. 

^Recall that the forgetful map BrR(X) Br(X) ~ H^{X, Z) is an isomorphism 
[14]. 

^Note that Brz(X) ~ H^{X,Z) ® H^{X,Z). 
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(3) We have the following short exact sequence of M-modules 

^ H\X, Z) C{X, R) C{X, T)o ^ 

From the associated long exact sequence for Hl^, we find that 
H'm(R,H%X.Z)) ~ 0, i = 1,2 by Cor. (4.3) of Ref. [1]; hence 
Hl^{R,C{X,T)o) - HIj{R.C{X,R)). By Thms. 4.5,4.6,4.7 of 
Ref. [1], Hl,{R,C\X,M)) ~ Hl,M,C{X,M)^). EeTeC{X,R)^ 
are the C°°-vectors for the M-action on C {X, R) and so are the 
functions which are smooth along the yS^-orbits. 

The complex computing the Lie algebra cohomology of R 
shows that this group is exactly the functions in C{X, R)oc mod- 
ulo derivatives of functions in C{X, R)oo by the generator of the 
M-action. 

This group is isomorphic to C{W, R) via the 'averaging' map 
/ — > Jgi (f)t o fdt where 0^ o / is / shifted by the 5'^-action on 
X. 

(4) We use the spectral sequence calculation of Ref. [12], Thm. 
(3.1) to note that this group is isomorphic to Hl^{R, Hl^{Z, C{X, T))). 
Since Z is discrete and acts trivially on C{X, T), we have H\j(Z, C{X, T)) ~ 
H^{Z, C(X, T)) ~ C(X, T). Hence we need to calculate Hl^{R, C{X, T)). 

We have the following short exact sequence of M-modules 

^ C(X, T)o ^ C{X, T) ^ H\X, Z) ^ 

where C(X, T)o is the connected component of C{X,T) con- 
taining the constant maps. 

This gives us a long exact sequence 

H'i,{R,C{X,T)) ^ Hl,{R,H\X,Z)) ^ Hl,{R,C{X,T)o) ^ 

Hl,{R, C{X, T)) ^ Hl,{R, H\X, Z)) ^ . . . 

(1) 

Also, by Cor. (4.3) of Ref. [1], we have that Hlj{R, H\X, Z)) ~ 
0. Again, by Cor. (4.3)ofRef. [1], we find that i/^(R, ifi(X, Z)) ~ 
H^{X, Z) (since BR is contractible) . Also //^(R, C{X, T)) con- 
sists of the R- invariant functions in C{X,T) and hence is nat- 
urally isomorphic to C{W,T). 

Hence we find an exact sequence 

(2) 

C{W, T) ^ H\X, Z) ^ Hl,(R, C{X, T)o) ^ Hl,{R, C{X, T)) ^ 0. 

The map C{W, T) ^ H\X, Z) is the composite C{W, T) ^ 

H\W,Z) 4 H\X,Z). Its cokernel is H\X,Z)/p*{H\W,Z)) 
which is the image of pi : H\X,Z) H^{W,Z) by the Gysin 
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sequence. The image can only be or Z if X is connected. Using 
the isomorphism mentioned in the previous item of this lemma, 
we see that we need to find the connecting map im(p!) — >■ 
HIj{R,C{X,T)o) ~ C{W,M). This map sends any class in 
H^{W, Z) to a constant Z- valued function on W. 
The above exact sequence now becomes 

(3) ^ im(p!) ^ C{W, M) ^ HIj{R, C{X, T)) ^ 0. 

So Hl^{R, C{X, T)) is isomorphic to the quotient of C{W, R) 
by im(p!). It surjects onto the quotient of C(l^, R) by all of 
H'^{W, Z) which is isomorphic to C{W, T)o. 

□ 

Lemma 2.1. We have a commutative diagram with exact rows and 
columns 





Hl{RxZ,C{X,T)) C{W,T)o > 



> ker(F) > Bi^^^{X) ^-^ By^{X) > 

H^X^Z) 





Proof. The vertical and horizontal short exact sequences above are 
of the form — > — > Sj+i — > Bi+i/Bi — > where the Bi are 
the groups in the filtration of Bt^xz{W) described in the unnum- 
bered Theorem on page (153) of Ref. [14]. All we need to check 
is that Bi = Hl^{R X Z,C(X,T)). This will follow from the fact 
that Bi = Hj^iR X Z, C(X, T))/im(4) and the fact that im(ci'2) C 
HIj{R X Z, C{X, T)). The last group vanishes by the result in Ref. [12], 
Thm. (3.1). The maps F, rj, q were defined in the previous lemma. □ 

We now make the following dictionary 

• ye Br]Rxz(-^), y not in ker(F) <^ Space X with H ^ 0. Here, 
H = F{y). 

• Element y e ker(F) C BrRxz, y not in Hj^{R x Z, C{X, T)) ^ 
Space W with = 0, S ^ 0. Here, B = r]{y). 
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• ye HliiR X Z,C(X,T)) C BrRxz(^) ^ Space X with H = 
0, S = 0, A 7^ 0. We obtain an element of C{W, T)o which 
always corresponds to the zero class in H^{X^ Z). However, this 
may instead be viewed as a collection of elements in C(X, R) 
which are constant on the 5'^-orbits of X. Any two of these 
elements differ by an element of C(X, Z) ~ H'^(X,Z). 

This should be compared with the allowed gauge transforma- 
tions of the 5-field in string theory. 

• Cq{X,IC) with the lift of the R-action and the trivial Z-action 
^ Space X with H = 0,B = Q,A = 0. 

Note that the last item above is exactly the C*-dynamical system 
assigned to a space X with zero if- flux in Ref. [1]. If |/ G Br^xzl-^), 
we have [H] — F{y). Then F~^(y) is the coset s{y) o ker(F) and we 
note that we may change y by an element x of ker(F). 

We had said earlier that A should be viewed as a 'topological ap- 
proximation' to the gerbe on spacetime. If we act on the gerbe on 
spacetime by a gerby gauge transformation, this corresponds to acting 
on A by an automorphism. It is clear that shifting y by an element x 
of ker(F) corresponds to this automorphism. We may view this action 
as affecting the H-Hux on spacetime by shifting the 5-field, that is, 
if if = dB we act by a gerbe automorphism to obtain H = dB' . As 
argued at the beginning of this section we are restricting ourselves to 
integral shifts of the S-field and so we only allow shifts by elements 

of ii'^(X, Z) A- ii"^(X, R), where i is the canonical inclusion. We note 
that io7][x) can only equal [{B' — B)]. That is, an element of the group 
ker(i^) acts on the iJ-flux by shifting it by i o ri{x) = [{B — B')]. 

Similarly, if |/ G ker(F), then H — 0, B — ri{y) and changing y by an 
element z of Si = Hl^{R x Z,C{X,T)) doesn't change B but might 
correspond to making a change in the A-field, the gauge field of the 
S-field. 

Suppose we pick a principal ^^-bundle Ep over W for each p G 
H\W,Z). Let PsiW) = ©pei/2(iv,z) BrR(£'p). In Refs. [2, 13] the au- 
thors describe a set-valued functor P on the category of unbased CW- 
complexes. For any CW^-complex W, P{W) is the set of isomorphism 
classes of pairs of the form (principal circle bundle, if-flux) over 
W (see Ref. [2] for details). Ref. [2] show that there is a classifying 
space i?3 for the functor P and P{W) = [W,R3\. Further, Ref. [2] 
shows that that T-duality is a natural transformation from P to itself 
giving a map we denote as T : P ^ P. Since BrR(£'p) is is naturally 
isomorphic to H^{Ep, Z), it is clear that an isomorphism class of a pair 
over W (in the sense of Ref. [2]) determines and is determined by an 



12 



ASHWIN S. PANDE 



element of P3. This extends to a natural isomorphism between P and 
P3 because of the naturality of the cohomology groups. In particular, 
for any CW complex W, we have that [W^, -R3] — P^{W). 

Let 1Z{W) = ©pG-ff2(H/,z) BrRxz(-Ep)- This too is a set-valued func- 
tor on the category of unbased CW^-complexes. Then, we have the 
following theorem 

Lemma 2.2. There is a well-defined map T : TZ{W) TZ{W) induced 
by the crossed product. 

Proof. We need the following well-known fact. Let A, B be C*-algebras 
with G-action a, (3 respectively. Let Cc{G, A) the ct-twisted convolution 
algebra of ^-valued functions on G which are of compact support on G. 
Similarly, let Cc{G, B) be the /3-twisted convolution algebra of i3- valued 
functions on G which are of compact support on G. Give Cc{G, A) and 
Cc{G, B) the inductive limit topology^. 

Theorem 2.2. Suppose that {A, G, a) and {B, G, f3) are dynamical sys- 
tems and 4> : A ^ B is an equivariant homomorphism. Then, there 
is a homomorphism ^xiidr^xiG— >-i3xG mapping Cc{G, A) into 

a 13 

Cc{G,B) such that4>x id(/)(s) = 

From the proof of this theorem, it is clear that the extension x id 
is unique. 

Here, A — B and G — M. Suppose y E Br^y^ziW), and we pick a 
representative {A, ax (J)) of y. We may define T(y) to be the dynamical 
system {A x M, a* x 0*) where 0* is the map induced on the crossed 

(X 

product by (f)'^{f)(t) = x id(/)(i). It is clear that it is unique and 
commutes with the M-action. 

Changing the representative to a Morita equivalent one {A', a' x 0') 
will not change the Morita equivalence class of the answer because, by 
the theorem cited in Rcf. [14], Sec. (6.2). 0* has the same Phillips- 
Raeburn obstruction as 0* and hence 0* is exterior equivalent to 
(f)*. □ 

Note that Bi^xzi^) has a large continuous part, namely the ele- 
ments of Hl^{M X Z, G{X, T)). If we quotient Br]Kxz(-^) by this contin- 
uous part (this is equivalent to considering im(Fi)), we may associate 
to X the group H^{X, Z)®H^{X, Z). That is, given a CW-complex W 
we consider triples (principal bundle, closed integral two-form, 
i^-fiux ) over W. In Section (6) below, we consider a set valued functor 



'^See Ref. [9], Corollary 2.48. 
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-^3,2(1^) which associates to each W the isomorphism classes of triples 
over W. 

As we noted above if we fix a closed three-form H such that [H] 
is the iJ-flux and a two-form field B such that H = dB then any 
other two-form field B' with H = dB' will be associated to a gauge 
transformation and also to a cohomology class {B — B') G H^^ Rham(^) 
as d{B — B') — 0. Thus, in a triple ([p], H) the class h parametrizes 
gauge transformations. The class h should not be identified with the 
physical Kalb-Ramond field unless H = 0. 

With this caveat in mind we will refer to the class b as 'the 5-field' 
or 'the 5-class' in what follows. It should be clear, however, that this 
is NOT, in fact, the physical Kalb-Ramond field, but a shift in the 
Kalb-Ramond field B that is, the characteristic class of a large gauge 
transformation of the if-fiux. 

By construction, we know that if we 'forget' the Z-action on A, 
the T-dual doesn't change in either H-Unx or topology. Hence, the 
map F : BT^y.^{X) — )■ Br]g(X) extends to a natural transformation 
between the functors TZ and P3. Now, if wc have two T-dual (in the 
sense above) C*-dynamical systems (.4,, R x Z, a) and {B, M x Z, /3) then 
the dynamical systems {A, M, q;|r) and {B, M, are dual. Hence, the 
following diagram commutes 



In the next section we attempt to determine a classifying space for 
'pairs' (principal bundle, Class in H'^). If Ep is as above, such 
a pair will not specify an element in ker(F) C Br^xziEp) uniquely, 
but only up to elements of Bi. That is, for any unbased CW complex 
W, [W,R2] = ©peH2(vF,z)(ker(F))f/5f. The p-index on ker(F) and Bi 
denote that they are subgroups of Br]Rxz(-'^p)- 

As pointed out above, by considering BrKxz(Xp)/i?i, we are led to 
consider 'triples' of the form (principal bundle, Class in H'^, Class 
in H^), here the class in is to be viewed as an iJ-fiux. In the 
next section we argue that the assignment W — > (Triples over W) 
is a set- valued functor (denoted ^3,2(1^) ) on the category of unbased 
CW complexes. There is a natural transformation tt between these two 
functors obtained from the forgetful map Fi : Br]Rxz(^p) ^ Brz(Xp). 

Given a C*-dynamical system {A, M x Z, a) corresponding to a class 
a e Br]Rxz(-'^p), adding an element of Bi to a will not change the 



n{w) n{w) 



F 



F 
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Phillips- Raeburn invariant of a\z or the if-flux F[a). We showed in 
Ref. [12] that under T-duahty the PhiUips- Raeburn invariant of the 
Z-action on ^ x R associated to T{a) only depends on the if-flux and 

the Phillips- Raeburn invariant of the dynamical system associated to 
a. It doesn't depend on the lift of these data to a M x Z-action on A. 
Hence, we have a well-defined natural transformation T3 2 : -R3,2 — > -^3,2 
inducing a map T^^2 '■ Pz,2{W) -P3,2(W^) such that the following 
diagram commutes 

n{w) TZiw) 

(4) TT TT 

Also, TT : TZ{W) — )■ ^3,2(1^) is always surjective. Thus we may infer 
properties of Tji from those of T3^2 but it should be clear that they 
are not the same. In this paper we mainly study P3 2 and T3^2- This is 
sufficient to answer the question we raised in Section (1). 

In a recent thesis by Schneider [13] the author defines the collec- 
tion of equivalence classes of C*-dynamical systems {A, G, a) whose 
spectrum is a principal G/N- bundle over W (denoted Dyn~''(W^)). He 
then defines a T-duality map induced by the crossed product between 
equivalence classes of such dynamical systems. The resulting dynamical 
system is {A x G, G, a*) and has spectrum a principal G/A'"-'--bundle 

a* 

over W. 

Thus the duality map in Ref. [13] would map systems of the form 
{A, M X Z, a) with spectrum a principal S'^-bundle over W to those of 
the form (^*, M x T, a) with a spectrum-fixing T-action and spectrum 
a principal 5'^-bundle over W. 

This map is not the same as the T-duality map we are considering 
here, since wc map equivalence classes of C*-dynamical systems of the 
form [A, M X Z, a) with spectrum a principal 5'^-bundle over W and 
a spectrum-fixing Z-action on A to those of the form (^*,R x Z, d). 
Here ^* has spectrum a principal ^^-bundle over W but there is a 
spectrum-fixing Z-action on 

3. The Classifying Space of /c-pairs 

In this section, we use the method of Ref. [2] to determine the map 
T of Sec. (1). 

Let S£T be the category of sets with functions as morphisms. Let 
C be the category of unbased CW complexes with unbased homotopy 
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classes of continuous maps as morphisms. Let Co be the category of 
CW complexes which are finite subcomplexes of some fixed countably 
infinite dimensional standard simplicial complex. (C, Cq) is a homotopy 
category in the sense of Ref. [15] (see Thm. 2.5 in [15]). 

Let W he a. fixed CW complex. We define a /c-pair over W to consist 
of a principal S'^-bundle p : E ^ W together with a cohomology class 
b e H^{W,'L). We denote a /c-pair as ([p],6). (Here the space W is 
understood from the context as is the value of k.) Note that a 'pair' in 
the sense of Ref. [2] would be a termed a 3-pair here. 

Def 3.1. We declare two k-pairs (same k) ([p],&) and ([q'],&') overW 

equivalent if 

• We are given two principal -bundles p : E ^ W and q : E' ^ 
W such that 

E E' 



^ W 



w 

commutes. 

• We also require that b' — 4>*{b). 

It is clear that the collection of equivalence classes of /c-pairs over 
a fixed space W (denoted Pk{W)) is a set. For all W, we have a 
distinguished pair consisting of the trivial S'^-bundle over W with the 
zero class in H^{W,'L). Thus, Pk{W) is actually a pointed set. 

Def 3.2. Let W and Y be two CW-complexes and let f : W ^ Y be 

a continuous map. Let {[p],b) G Pk{Y) be represented by a principal 
-bundle p : E ^ Y and a class b G H^{Y, Z). We define the pullback 
of {\p], b) via f, denoted f*{\p],b), to be the following data 

• The unique principal -bundle f*p : f*E — >■ W such that the 
following diagram commutes 



f*E 



^ E 



S'p 



f 



W Y. 
• The cohomology class (f)*f{b) in H'^{f*E,Z). 
That is,we define r([p],6) = (/* [p], 0)(6)). 

Lemma 3.1. Let fo, fi '■ W ^ Y be freely homotopic. For any pair 
{\p],b)e P2{Y), /o*([p],6) is equivalent to f^{\p],b). 
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Proof. Let p 
squares for i ■ 



E ^ Y he a. principal ^^-bundle. We have puUback 
0,1 



f*E 



-> E 



ftp 



-y Y. 



W - 

Then, by Ref. [16], Cor. (1.8), the pullback bundles f^p : f^E W 
and fl : flE W are isomorphic. Further, by the same lemma, 
this isomorphism is implemented by a map : f^E fiE. This map 
induces isomorphisms on the cohomology groups such that '0°/o — /* ■ 
As a result, by the above definition, fo{\p],b) — /i ([p], b). □ 

Hence, Pk{W) is a pointed set depending only on the homotopy type 
of W. Given a map f : W ^ Y, define Pk{f) : Pk{Y) Pk{W) to 
be the map induced by pullback of pairs. It is clear that Pfc(l) = Id. 
(This is just the condition that two pairs be equivalent). Hence, P^ 
extends to a functor (also denoted Pk) Pk '■ C ^ SET- 

Theorem 3.1. For every k, the functor Pk above satisfies the condi- 
tions of the Brown Representability Theorem. Hence, for every k, there 
exists a classifying space Rk for Pk. 

Proof. There are two conditions we need to prove. 

(1) Consider an arbitrary family {W^},// e / of of objects in C. 



Let Y 
maps. 



Let h/j, : — > U/ie/ ^® inclusion 



We have a pullback square (for every jji ^ I) 



h;E 


E 


p^ 




V 




y 



U;.G/^M and 



Here p^ = h*^p. Since H^{W,Z) ~ H^^j H^{Wi„Z), we have 

that \p] = (b/x]),/^ e I- 

Let h*^E = Efj,, then, we also have that E 
H^{E,Z) ~ Y{^^jH^{E^,Z). Hence, every class b e H^{E,'L) 

may be written as {b^),^ e / with b^ = h*^{b). Hence, we have 
an isomorphism 

Il,P{h,):P{[_\W,)^Il,P{W,). 
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(2) Suppose we are given CW complexes A, Wi, W2 and continuous 
maps fi : A^ Wj, gij : Wj — >■ Z, i = 1, 2 such that 



/i 



91 



Wo 



92 



> z 



commutes up to homotopy and is a pushout square in C. We may 
take fi to be inclusions into the Wi and Z the result of gluing 
Wi to W2 along A. Suppose Ui e P{Wi) satisfy P{fi)ui = 
P{f 2)^2- For i = 1,2, let Ui correspond to the pair 
over Wi, where pi : Ei ^ Wi are principal 5'^-bundles. Then, 
since P{Ji)ui = P{f2)u2, f*Ei ~ /2-E^2- This implies that the 
restrictions of f*Ei to A are the same. Hence, these two bundles 
may be glued into a unique bundle p : E ^ Z. Note that 
Gi = f*Ei (zE,i^ 1,2 and Gi U G2 = E. We have a puUback 
square 



Gi 



Wi 



E 



9i 



^ Z 



By the Mayer- Vietoris theorem, we have 

H^{E, Z) H\Gi, Z) © H\G2, Z) ^ H\Gi n G2, Z) 

Now /i (&i) = /2 (^2) and so the image of (61, 62) via the second 
map above is zero. Hence, by exactness, there is an element in 
c e H'^{E,Z) such that ^j(c) = bi,i = 1,2. Thus, we define 
an element v e P{Z) hy v — {\p\,c). It is clear that P{gi)v — 
Ui,i = 1,2. 

As a result, for every k, there is a CW complex Rk such that iso- 
morphism classes of /c-pairs over a space W correspond to unbased 
homotopy classes of maps from W ^ Rk- □ 

Similarly we may define a ki, k2, ■ ■ ■ , fcn-tuple (fcj G N) over a space 
W to consist of a principal 5'^-bundle p : E ^ W together with co- 
homology classes 61, . . . , 6„ such that bi e H^^{E, Z). Exactly as above 
we may define the notion of equivalent tuples and a set valued func- 
tor Pki,k2,--;kn^)- above, such a functor is representable and has 
a representation space denoted Rki,k2,-,kn- Note that there are natural 



10, 



Obviously the ordering of the ki is irrelevant. 
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maps Rki,...,kn K{Z,2) and K{Z,ki - 1) given by send- 

ing ([p], 61, ... , bi) \p] and ([p], 61, ... , 6^) respectively. In 

addition, the canonical S'^-bundle U over K{Z, 2) defines a unique pair 
(t/, 0) over Rk for every A; and hence the natural map Rk — )■ K^Z, 2) is 
naturally split. This implies that the cohomology ring of Rk contains 
Z[a\,ae H^{Rk,Z). 

Given a 3, 2-tuple {[p], b, H) over we obtain a unique 2-pair b) 
and 3-pair {\p\,H) over W. Similarly, given a 2-pair and a 3- 

pair {same [p]) over FF, we obtain a unique triple ([p],6, if) 

over W. Thus, i?3 2 is a fiber product i?3 x i?2- Similarly 7?^^ ~ 

_ft:(z,2) 

-Rfci X ... X Rk„. There are natural fibrations : Rki,...,kn ^ -^fci- 

For the sake of completeness we note the following 

Lemma 3.2. Suppose W is k-connected, k > 2. Then, Pk+i{W) ~ 
H''+\W,Z). 

Proof. Since W is at least 2-connected, all principal S'^-bundles on W 
are trivial. Further, H''+'^{W x S^,Z) ~ H''+^{W,Z) and hence the 
result. □ 

We will only consider 2-tuples, 3-tuples and 3, 2-tuples in this pa- 
per. We will also consider ^2,-^3, -^3,2 and the corresponding classifying 

spaces i?2,-R3,-R3,2- 

Bunke et al. [2] have considered the case k = 3. We denote their 
classifying space R^ here. For the remainder of this section and the 
next we work with k — 2. We abbreviate 2-pair to 'pair'. 

A priori, R2 is an unbased CW complex. We now arbitrarily pick a 
basepoint ro in R2. 

Lemma 3.3. Let W be any CW complex. Pick a basepoint xq & W. 
Any unbased map f : W ^ R2 may be freely homotoped to a based map 
g : {W,Xo) (i?2,ro). 

Proof. Suppose W was any CW complex, and f : W ^ R2 a.n unbased 
map. By the Lemma that follows, we know that R2 is a fibration of a 
connected space over a connected base space. Hence R2 is connected. 
Pick a basepoint Xq E W. Pick a path q : I ^ R2 connecting /(xq) 
to tq. Extend the data /, g to a free homotopy H : W x I ^ R2. 
Then, g = H{1, .) : W R2 is map such that g{xo) = tq. The map g 
classifies the same pair that / does, since R2 is an unbased classifying 
space. □ 



Lemma 3.4. There is a fibration K{Z, 2) ^ R2 ^ K{Z, 2) x K{Z, 1). 
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Proof. Given a pair ([p], 6) over W, we obtain two natural cohomology 
classes [p] e H'^{W,Z) and pi (6) e H^{W,Z). As a result, there is a 
natural map (px ^ : R2 ^ K{Z, 2) x K{Z, 1). Given a pair ([p], 6) over 
any space W, classified by / : — > R2, the map f ^ <j)o f corresponds 
to the map ([p], 6) 1— )■ [p]. Similarly, f ip o f corresponds to the map 
([p],6) I-)- p\{b). We pick a basepoint in K{Z,2) x /^(Z, 1) such that 
(f)Xip is a based map. Suppose f : W ^ R2 classified a pair ([p], fe) over 
W. Pick a basepoint xq G VT. By Lemma 3.3 above, / may be freely 
homotopcd to a based map g : {W, Xq) {R2, Tq). Suppose g was in the 
homotopy fiber oi (f) x ip. Then, we would obtain a pair ([p], 6) over W 
such that p\{b) — 0,\p\ — 0. This would correspond to the trivial bundle 
W xS^ -^W equipped with the cohomology class Ixa.a E H'^{W, Z). 
Hence we would get a natural based map W — ?> fC(Z, 2). Conversely, 
given a class a in H'^(W,Z), we could obtain a pair (0, 1 x a) over W 
which would have [p] = and p\{l x a) — 0. By Lemma 3.3, this pair 
would be classified by a based map g : {W,Xo) — >■ (i?2,ro). Obviously, 
{(p X ip) o g would be nullhomotopic. 

Thus, the homotopy fiber of (p x ip is K{Z, 2). □ 

Lemma 3.5. The homotopy groups of R2 are as follows 

• 7ri{R2) = Z, 

• 7ri(i?2) = 0,i > 2. 

Proof. We had picked a basepoint for R2. Hence, we may calculate 
7rj(i?2) from the long exact sequence of the fibration in Lemma 3.4. We 
find that the nozcro part of the sequence is 

^ Z ^ 7r2(i?2) ^ Z ^ ^ 7ri(i?2) ^ Z ^ 0. 

Thus, 7ri(i?2) = Z, 7r2(i?2) ^ Z^ and 7ri(i?2) = 0, i > 2. □ 

We may characterize R2 as follows 

Lemma 3.6. Let c : X(Z, 2) x K{Z, 1) K{Z, 3) be the based map 
which induces the cup product. Then R2 is the homotopy fiber of c. 

Proof. Let f : W ^ R2 he a map inducing the pair ([p],&) over W. 
Fixing a basepoint Xq G W, we may replace / by a based map g : 
{W,Xq) {R2,rQ) by Lemma 3.3. It is clear that we may take (p x ip 
to be based. Then we have a principal yS^-bundle p : E ^ W. By the 
Gysin sequence of this bundle we have that [p] Up\{b) = 0. This implies 
that c o (^(p X ip) o f is nullhomotopic via a based homotopy, since c is 
exactly the based map which gives the cup product. 

Conversely, suppose we are given a based map f : W ^ K{Z,2) x 
K{Z, 1) such that c o / is nullhomotopic. Then, this corresponds to a 
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class a e H\W, Z) and a class [p] G H'^{W, Z) such that [p]Ua = 0. Pick 
a principal 5'^-bundle p : E ^ W with characteristic class [p]. Prom 
the Gysin sequence of this bundle we see that [p] U a = implies that 
a = p\{b) for some b G H^{E,Z). Thus, we obtain a pair over 
W and hence an unbased map g : W ^ R2- By the above argument, 
we may replace it with a based map h classifying the same pair over 
W. Obviously, {(p x ijj) o h — f as ti based map. 

Hence, R2 is the homotopy fiber of the based map c in the category 
of based CW complexes with basepoint preserving homotopy classes of 
maps between them. There is a forgetful functor from this category to 
the category C. We take the image of the homotopy fiber of c via this 
functor. This determines R2 up to homotopy equivalence in C. □ 

Since 7ri(i?2) 7^ 0, the choice of basepoints might be important. In- 
deed, we have the following 

Lemma 3.7. The space R2 is not simple. 

Proof. Suppose R2 was simple: Then, from Postnikov theory, we see 
that i?2 would be homotopy equivalent to the product K{Z, l)xK{Z, 2) x 
i^(Z, 2) via a based homotopy. Given / : 1^ — )■ i?2 by Lemma 3.3, we 
could obtain a based map g : W R2 classifying the same pair over W 
as /. Hence we would obtain based maps W — )■ K{Z, 2), W ^ K{Z, 2) 
and W — >■ K{Z,1). The pair would then be determined by classes 
[p],a e H'^{W, Z) and p\{h) G H'^{W, Z). Here [p] would be the charac- 
teristic class of a principal S'^-bundle p : E ^ W. This would imply 
in turn that b would be determined by pi {b) and a and hence that the 
Gysin sequence for p :£■—>■ 1^ would split at degree two for any prin- 
cipal 5'^-bundle E over W. Since W, E were arbitrary, this is obvioush- 
impossible. □ 

Lemma 3.8. The cohomology of R2 up to degree 3 is 

• H^{R2,Z) ~ Z, 

• H\R2,Z) ~ Z, 

• H\R2,Z) ~ Z. 

• H\R2,Z) ~ Z. 

Proof Consider the fibration K{Z, 2) ^ R2 ^ K{Z, 2) x K{Z, 1). We 
havethat//*(ii'(Z,2),Z) ~ Z[a] where a is a generator of i/^ (7^ (^^ 2), Z) ~ 
Z. This ring has no automorphisms apart from a —a. Since the fi- 
bration is oriented, the generator of tti^K^Z, 2) x K{Z, 1)) acts trivially 
on the cohomology of K{Z, 2). As a result, we may use the Serre spec- 
tral sequence using cohomology with untwisted coefficients to calculate 
H*{R2,Z). 
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We note that the above fibration is pulled back from the path-loop 
fibration over K{Z, 3) via the map c : K{Z, 2) x X(Z, 1) K{Z, 3) 
inducing the cup product. Suppose /i was a generator of H^{K{Z,1),Z) 
and that A was a generator of H'^{K('Z,2),Z). Let jl = {(J) x ip)*{fi), 
and A = (0 X ■?/')* (A). Then we have that /iU A = 0. This shows that the 
transgression £2'^ E^'^ must be a map k : H^{K{Z,2),Z) ^ 
H^{K{Z, 2) X K{Z, 1), Z) ~ Z sending a ^ a(// U A). 

From the spectral sequence table, we see that H^{R2, Z) ~ Z, H^{R2, Z) ~ 
Z, Z) ~ Z and H^{R2, Z) ~ Z. □ 

Note that the canonical bundle over K{Z, 2) gives rise to a unique 
pair (1, 0) over K{Z, 2). This is classified by a map K{Z, 2) R2 which 
is a section of the natural map R2 K{Z, 2). Hence, the cohomology 
ring of R2 contains Z[b], b e H^{R2, Z). 

This ring has generators a, 6, c in degrees 1, 2 and 3 respectively such 
that 

(5) a.b = 0, 6" ^ for any n. 

We now determine the action of 7ri(i?2) on t^2{R2)- 

Theorem 3.2. The action of the generator S o/7ri(i?2) — Z on 7r2(i?2) 
is given by 

S{a,b) = {a + b,b). 



Proof. From the long exact sequence of homotopy groups of the fibra- 
tion in Lemma 3.4, we see that we have a sequence — )■ Z ^ Z^ ^ 
Z — >■ 0. Now, 7ri(i?2) acts on each term of this sequence by Z-module 
automorphisms with the trivial action on the first and last Z factors 
and by an action 6 on the middle factor. 

This implies that 6 may be taken to be the homomorphism induced 
by the matrix 

' 1 * 

We claim that 

' 1 1 



^-•01 

We have a fibration K{Z, 2) ^ R2 ^ K{Z, 2) x K{Z, 1). We could 
view this as a fibration over the K{Z, 1) ~ 5*^ factor K{Z'^ , 2) -> /?2 — )■ 
S^. From the long exact sequence of a fibration, it is clear that K{Z'^, 2) 
is the universal cover R2 of R2. Now 7ii{S^) acts on R2 by deck trans- 
formations. Hence, using the Cartan-Leray spectral sequence (See Ref. 
[17] Ch. XVI Sec. 9 for details), we have a spectral sequence with 
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E^'" = HP{Z = 7ri{S^), H^{K{I?, 2), Z)) ^ i/*(i?2, (here H*{Z, M) 



denotes the group cohomology of Z with coefficients in a module M). 
This sequence collapses at the E2 term itself, since i?^''' — for p > 2. 



Thus Z ^ H^{R2,Z) ~ H°{Z,H^{K{Z^,2),Z)) ~ H^{Z,Z'^), and so 



the fixed points of ^ on Z^ are Z^Z? . Hence the action Q is not trivial 
and i?2 is no^ simple. 



Now, Z ~ H^{R2,Z) ~ H\Z,H^{K{Z'^,2),Z)) ~ H\Z,Z'^). If Z 
acts on Z^ with an action H*{Z, Z^) is the cohomology of the complex 

Z2 "-^^ Z2. Hence, ZV(^ - 1)Z2 ~ Z here, and using the above form for 



Note that since R2 was defined in the unbased category, for any CW- 
complex W, pairs over W are classified by unbased maps from W to 
i?2- Since the space of unbased maps from W to R2 is the quotient of 
the space of based maps from W to R2 by the action of 7ri(i?2), we see 
that the non-trivial action of 7ri(i?2) does not affect our results. We 
simply have to be careful to use unbased maps in all our constructions. 
Wc can see an example of this when wc try to determine all the pairs 
over S"^. If pairs were classified by based maps, then P2{S^) would be 
a group. However, we have the following 

Lemma 3.9. P2{S'^) is not a group. 

Proof. For any CW complex W, we have a natural map : P2(W) — )■ 
H^{W,Z) which sends a pair over W to [p]. Now, for every 

a e if^(5'^,Z) ~ Z, we claim that the set (l)~^{a) has cardinality \a\. 
To sec this, it is enough to note that if Dp — ?> 5^ is a principal S^- 
bundle of Chern class [p], then H'^{Dp,Z) ~ Zp. This implies that 
P2{S'^) — )■ H'^{S'^,Z) is not a group homomorphism, and hence that 
P2{S^) is not a group. □ 

In fact, P2{S^) is the quotient of the group 7r2(i?2) — by the action 
of 7ri(it!2) calculated in Thm. 3.2 above. 

Lemma 3.10. Consider the principal -bundle p : E2 ^ R2 whose 
characteristic class is b the generator of H^{R2,Z). Its cohomology 
groups are 




□ 



• H\E2,Z) 

• H\E2,Z) 

• H\E2,Z) 

• H^E2,Z) 



~ Z, 
~ Zd, 
~ Zw, 
~ Zc. 
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where a, c are the images of the generators a, c o/if*(i?2, Z), i = 1,3 in 
H*{E2,Z). In addition p\{w) — a, a — p*{a),c — p*{c). 

Proof. The Serre Spectral Sequence table is 



(6) 







Zhz 


Zcz 


Z 


Za 


Zb 


Zc 



The transgression map : -E"'^ E^^^ has to be dz = b. Hence using 
the ring structure, the fact that a6 = in H*{R2, Z), and the fact that 
b generates a copy of Z[6] inside H*{E2, Z) gives the cohomology groups 
shown. In addition, note that w is the image of a.z in H'^{E2, Z). 

Then, an inspection of the Gysin sequence for E2 shows that the 
elements a, c must be images of a, c under p*. □ 

This bundle acts as a universal bundle for pairs: Given a principal 
S'^-bundle p : D W and b G H'^{D,'Z) we have a classifying map 
f : W ^ R2. This bundle pulls back along / to give the bundle p : 
D while the generator of if^(£^2, Z) pulls back to the 6-class. 

We hope to study the map T of Section (1) using the classifying 
space i?2 studied above. 

4. T-DUALITY FOR AUTOMORPHISMS IS NOT INVOLUTIVE 

By the proof of Thm. (3.1) in Ref. [12], we know that the T-dual 
of an automorphism even with H-Hux is always unique. However, T- 
duality for automorphisms is not invohitive: If we perform two suc- 
cessive T-dualities we may not get the automorphism we started with. 
For example, if W = with 1 unit of if-fiux on S"^ x S^, the T-dual 
is with no //-flux. Since H'^{S^ x S\Z) ~ Z, but H^{S^,Z) ~ 0, 
every locally unitary (but not necessarily unitary) automorphism of 
CT{S'^ X 5*^, 1) dualizes to a unitary automorphism of C{S^ , IC). From 
the proof of Thm. (3.1) of Ref. [12], it is clear that the T-dual of a 
unitary automorphism is unitary. Hence, taking one more T-dual gives 
a unitary automorphism of CT{S'^ x 5"^, 1). 

At the level of triples {[p], b, H) we conjecture that the T-duality map 
of Section (1) should have the following properties: 

Lemma 4.1. Let W be connected and simply connected. Let p : E ^ 
W he a principal S^-bundle with H-flux H and b G H'^{E,Z). Let 
q : i5* W be the T-dual principal -bundle with H-fiux and 
b* e H^{E*,Z) where b* = T{b). Then, for all b G H'^{E,Z),yi,m G 
Z, the Gysin sequence induces a bijection between the cosets 

{b + lp*p\{H)} and {b* + mq*qi(H*)}. 
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Proof: The Gysin sequence of p : E ^ W is Z H H'^{W,Z) ^ 
H'^{E,Z) ■ ■ ■ The kernel of p* is the subgroup^^ ([p])- Similarly, the 
kernel of q* is the subgroup {[q]). Let G = ([p], [q]) = {p\{H) , q\{H*)) . 
Since H'^iW^'L) = 0, p*,q* arc surjcctivc by the Gysin sequence. Note 
that p*G ~ {p*p\{H)) and q*G ~ {q*q\{H*)). Thus, we have isomor- 
phisms H\W,Z)/G ~ H^{E,Z)/{p*p^XH)) ^ H^{E*,Z)/{q*q,XH*))- 
□ 

Note that in the special case E* — W x S^,H* = [p] x where 
p :£'—)■ 1^ is a principal 5'^-bundle, H — 0, the above theorem states 
that there is a natural map between the coset {ax 1 + / [p] x 1} and 
6*. Here, b is always of the form a x 1, a € H^{W, Z), and 6* = p*(a) 
by the Gysin sequence. 

We conjecture that each coset is precisely the collection of b-fields 
with the same T-dual (even when X is not simply connected). As 
support for this, note the following: Suppose i?* = W x ^ with k 
units of i/-fiux. Let q = -.W xS^ he the projection map. Then, 

if H^{W,Z) 0, the above theorem would not be expected to hold: 
For one thing, im(7r*) would not be all of H'^{W x S^,Z). It is strange 
then, that H^{E,Z)/ {p*pi{H)) is isomorphic to H^{E* ,Z) / {q*q,{H*)) 
in all the following cases in many of which H^{W,Z) 7^ (I use Ref. 
[4] for the examples): 

(1) W = T^ : For E* = W x S\ H^{E*,Z) = Z, = Z^H^ = 
Z^ = Z. The //-flux is a class \p]xze H\T^) ® H\S^) ~ 
H^{T^ X S^) ~ Z. The T-dual is the nilmanifold p : N ^ T"^ 
whose cohomology is = Z, ^ Z^, i/^ ^ Z^ © Zp, = Z. 
It is clear that ZVpZ ~ Z^ © Z^. 

(2) W = M, an orientable surface of genus g > 1 : The cohomology 

ofW XS^ is = Z, = Z'^3+1^ ^ ^2g+l^ jj3 ^ ^ rpj^g 

//-flux is a class j x z e - H^{M) ® H\S^) ~ Z. The 
T-dual is a bundle j : E ^ M with = Z,H^ = Z^f , i/^ ^ 
Z^s © Zj, = z. Here, Z^f+^/jZ ~ Z^s © Zj. 

(3) = RP^ : The cohomology of W^x^^ is = Z, i/^ = Z, i/^ ^ 
Z2 ~ H^{W) ® ~ H^{W) ® i/H'^^) - ^2- The in- 
flux is the class 1 x z e H^{W) ^ H\S^). The T-dual is a 
bundle k : E ^ RF^ with = Z,H^ = Z, i/^ = 0, i/^ = 
Once again, Z2/IZ2 — 0. 

(4) = EP^ : The cohomology of M^x^^ is = Z,H^ = Z, i/^ ^ 
Z2,//=^ = Z © Z2,//^ = Z. Then, ~ //^^^y) ^ H\S^) © 



(ai, a2, • • • , a„) denotes the subgroup generated by ai, 02, ■ • • , a„. The ambient 
group is understood from context. 



TOPOLOGICAL T-DUALITY AND AUTOMORPHISMS 



25 



H%W)(^H%S^). The Muxis lx;2 + A;xl. Now, 7r*7r!(i/) = 
1x1. The T-dual is q : x ^ MF^ with cohomology 
= Z,H^ = Z, = Z, //^ = Z. The T-dual has no S-class 
and H-Hux /c G Z. 

(5) W = Mp2"^(m > 1) : The cohomology ofWxS^ is = Z,H^ = 

Z,H1 = Z2,g = 2,-- • , m - 1, i/^m ^ 2^ ^2m+l ^ rpj^g ^_ 

flux is the class 1 x z e //^^RP^"*) ^ //^(^i). The T-dual 
is a bundle q : E ^ RP^'" with cohomology = Z, if^ = 
Z./J^m+i = Here, Z2/IZ2 ~ 0. 

(6) W = RP^"^+^(m > 1) : The cohomology oi W x is = 
Z,//i = Z, m^Z2,q = 2, • • • , m-1, i/^m+i ^ 2^^^, i/2m+2 ^ 
Z. Note ^^2] we have that //^ ~ H^(m'^"'+^) (g) //^(^i). 
The i/-flux is the class 1 x z G i/^ ~ Z2. The T-dual is a 
principal bundle q : x 5*2™,+! _^ ]gp2m+i ^j^.]^ cohomology 

^Z,H^ = Z, i/^m+i ^ ^2m+2 ^ ^_ rj.^^ T-dual has no 
second cohomology as expected. 

(7) ly = CP^ : The cohomology of WxS^ is = Z,H^ = Z, i/^ ^ 
Z,i73 = z,H^ = Z,H^ = Z. We have ~ iJ^^VT) © 
H^{S^) ~ Z. The /J-flux is the class j x z e H^. The T-dual 
is the Lens space L{2,j) CP^ if j ^ 0. It has cohomology 

= Z, ^ Zj, //^ = Zj-, //5 ^ Once again, Z/jZ ~ Z^-. 

5. Properties of i?3,2 

We noted in Sec. (1) that from an clement of S wc may obtain a 
tri'ple over W consisting of a principal S^-bundle p : E ^ W a class 
6 G H^{E,Z) and a class G H^{E,Z). As in Sec. (3), the map 
W — >■ (Triples over W) is a set-valued functor on the category of 
unbased CW complexes. It has a classifying space denoted i?3 2. We 
have natural fibrations q2 '■ Rz,2 ~^ R2 and ^3 : i?3 2 — )■ -R3. We will 
show below that this classifying space has a canonical bundle over it 
which classifles triples. 

We noted above that i?3 2 is a flber product R2 x R^. As in Sec. 

K(Z,2) 

(3), this classifying space is unbased. However, one may choose a base- 
point for it as in that section. Wc pick basepoints G Ri and a 
basepoint r3 2 G -R3.2 such that g2('"3,2) = ''^2 and g3(r3_2) — 1^3- (That is, 
the qi may be taken to be based maps.) 

Theorem 5.1. (1) The homotopy groups of Rz,2 o,re 

• 7ri(i?3,2) ^ Z, 

• 7r2(i?3,2) ^ Z3, 

• 7r3(i23,2) ^ Z, 
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• 7ri(/?3,2) ~ 0, i > 3. 
(2) i?3 2 is not simple 

Proof. Given an unbased map f : W ^ -^3,2, classifying a triple 
([p], 6, H) over W, we pick a basepoint Xq for W. We use the argument of 
Lemma (3.3), to homotope / to a based map. Note that gs o / is a pair 
over W, the pair {[p], H). If o / is nullhomotopic, then [p] = 0, H = 
and hence b defines classes in H^{W x S\Z) and H\W xS\Z). That 
is, we obtain a based map W K{Z, 2) x K{Z, 1) and hence the 
homotopy fiber of ^3 is K{7j,2) x K{Z,1). Similarly we see that the 
homotopy fiber of is K{Z, 3) x K{Z, 2). 

(1) We know that i?3^2 may be taken to be a based fibration of the 
form 

K{Z, 2) X K{Z, 1) i?3,2 R3 
and also a based fibration of the form 

K{Z, 3) X K{Z, 2) ^ i?3,2 ^ i?2- 

This gives two long exact sequences for the homotopy groups 
of i?3,2 : ^ 7r3 ^ Z ^ Z ^ TTs ^ Z2 ^ Z ^ TTi ^ and 
0^^Z^^7r3^0^Z^^7r2H^Z2^0^7ri^Z. Prom these 
sequences it is clear that 7rj(i?3_2) — if i > 3. Further, from 
the second sequence 773 ~ Z, and n^ — Z?. Then it follows that 

TTi ~ Z. 

(2) From the long exact sequence of the fibration over i?2, we have 
a 'KxiR-i) cquivariant sequence — >■ 7r2(-fr(Z, 3) x ir(Z, 2)) — >■ 
7r2 — )■ Z^ — )■ — )■ TTi — )■ Z. From this, it is clear that the 
generator of 7ri(i?3^2) maps isomorphically to the generator of 
7ri(i?2)- In addition, this generator acts on the degree two part 
of the sequence. Since ^(Z, 3) x ^(Z, 2) is simply connected 
and since every action of tti factors through the action of the 
fundamental group, the generator of 7ri(i?3 2) acts trivially on 
TT2{K{Z,3) X K{Z,2)). In the above sequence, this generator 
acts nontrivially on 7i2{R2) — and hence must act nontriv- 
ially on 7r2(i?3,2) since the sequence is TTi-equivariant. Hence 
it!3,2 is not simple. 

□ 

We determine the action of tti (7^3,2) on 7r2(-R3,2) below (see Eq. (8) 
below and surrounding text). 

The T-duality map should be a map T3^2 : -^3,2 -^3,2- It might 
be hoped that this map is a fiber product of two maps i?3 — >■ i?3 and 
i?2 — > -^2- Unfortunately, 73^2 cannot be of this form: Note that under 
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T-duality a pair ([p], 6) maps into a triple (0, 6*, [p] x z). To determine 
T, we first need to study the structure of Rs,2- Since i?3_2 is a fibration 
over i?2, and R2 is a mapping torus (see previous section), it might be 
hoped that i?3_2 is also a mapping torus. This is indeed the case. 

Lemma 5.1. The universal cover i?3^2 0/ i?3_2 is homotopy equivalent 
to i?3 X K{Z,2). Hence R^ 2 is a mapping torus of a map ip : x 
K{Z,2) ^ RsX K{Z,2). 

Proof. Let p : R^^2 -^3,2 be the covering projection. Pick fs 2 G -R3.2 
such that ^(^3^2) = ^'^,2- Consider the map 0* : 7r2(-R3,2) t^2{.R^) 

given by 0* = g2* ° P*- T^2{R'i,2) T^2{R'i,2) t^2{Rz)- Note that p^ is 

p. 93. 

an isomorphism by definition. I claim is onto: We have a fibration 
K{Z, 2) X K{Z, 1) ^ i?3,2 ^ i?3- The long exact sequence of homotopy 
groups associated to this fibration is 

— > z z — ^ z z^ 

1? \ Z \ Z ^ 0. 

Note that all the groups in the sequence are torsion-free. Here, A is an 
injective map Z — >■ Z and hence A is an isomorphism and kcr(/i) ~ Z. 
Hence by exactness and the absence of torsion // = 0, k is injective and 
onto. 

Consider the map 4) = o p : R^ 2 Rs- By the arguments in 
Lemma (3.3) we may take it to be based. Let W be its homotopy 
fiber. Then the l.e.s. of the fibration W — > ^3^2 — > R3 is 

> TTsiW) -^-^ Z -^-^ Z t:2{W) 

Z3 Z2 7ri(iy) > > 0. 

We know k is onto and hence v — {) and t^i{W) ~ 0. Since k is onto, 
ker(«;) ~ Z, and hence, im(/x) ~ Z. 

Now, consider the map 0* : 7r3(^3,2) t^z{Rz) given by 0* = ^3* op* 
in degree 3. Note that p^, is an isomorphism by definition. By the l.e.s. 
Eq. (7), /3 = \op^. By the argument given above both A and p^ are 
isomorphisms, and so is ^. Hence, im(Q;) = and 7r3(VF) ~ 0. 

Also ker(7) ^ Z and so 7 = 0. Hence 7r2(Vr) ~ Z by counting ranks. 
Its clear that 7ri(H^) ~ if i > 3. Therefore, W is homotopy equivalent 
to /s:(Z,2). 

Now, W ^3,2 ^ -R3 is a based fibration with W ~ ^(Z, 2). Also, 
i?3^2 and i?3 are spaces of finite type since their fundamental groups 
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are finitely generated (by Ref. [18]) and the action of 7ri(i?3) on W is 
zero since ^^{Rs) ~ 0. By Lemma 8^^.28 of Ref. [19], this imphes that 
the fibration is principal. Hence, i?3^2 — -^(^j 2) x because by Ref. 
[2] H^{Rs, Z) — and so the classifying map R3 K{Z, 3) is always 
trivial. 

Since R3 x K{Z, 2) is homotopy equivalent to the universal cover of 
it!3 2, we have a commutative diagram of spaces 



i?3 X K{Z,2) K{Z,2) X K{Z,2) 



P3,2 



P2 



i?3,2 R2 > K(Z,1). 

which gives a diagram of homotopy groups and maps equivariant under 
the action of tii{K{Z, 1)) ~ Z. It is clear that since R2 is the mapping 
torus of K{Z'^, 2) under the lift of this action, i?3^2 is the mapping torus 

of Rs X K{Z, 2) under the lift of this action (by the commutativity of 
the diagram). The generator of this action acts on R^ x K{Z, 2) as the 
generator ijj of the deck transformation group. □ 

It is interesting to note that we have a sequence of mapping tori 

i?3,2 ^R2^ K{Z, 1) 

such that there are isomorphisms 7ri(i?3^2) — 7i"i(-R2) — 7ri(i^(Z, 1)) and 
7Ti{K{Z, 1)) acts on the homotopy of each of these spaces. 

Note that R2 is a trivial K{Z, 2) fibration over K{Z, 2) (since R2 is). 
Also, ^3 ~ i?3 is a fibration over K{Z, 2) as well (since R^ is). It then 
follows from the definition that it!3^2 is the fiber product of R3 and R2 
over K{Z,2). 

We have a commutative diagram 

R3 x K{Z, 2) K{Z, 2) X K{Z, 2) 



P3,2 



P2 



R3,2 — R2- 



We note that 7r2(-R3,2) — t^2{Rz,2)- We choose generators for 7r2(-R3,2) — 
such that the projection (a, 6, c) k-)- c is induced by the map f?3 x 
K{Z, 2) K{Z, 2). Also the projection (a, 6, c) (a, h) is induced by 
the map R3X K{Z,2) R3. With these choices of generators, the map 
q2 is given by (a, b, c) i->- (a, c). 
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In Sec. (3) we had noted that the deck group of R2 acts on pairs by 
multiphcation by a matrix of the form 

11 
1 

The map ^2 on 7r2 must be equivariant under the action of the deck 
group since is equivariant under the action of tti and the maps 2 
and p*2 are isomorphisms on 1^2. This imphes that the deck group acts 
on 7r2(i?3,2) by multiphcation by the matrix 



(8) 



Using the isomorphisms 2 and P2 above, this is also the action of 
7ri(i?3^2) on T^'2{Ri,2)- We may also determine the deck transformation 
exphcitly as follows: 

Lemma 5.2. The deck transformation ip : R^^2 -^3,2 has the form 
ip = TTi X f where tti : x K{Z, 2) — )■ R^ is the projection onto the 
first factor and f : R^ x K{Z, 2) K{Z, 2) is determined below. 

Proof. Consider a triple over a simply connected space W. This de- 
termines a classifying map f : W ^ -^3,2- Using the argument of 
Lemma (3.3) we may take it to be based. Since W is simply con- 
nected, this map lifts to i?3,2- This implies that a triple {p,b,H) over 
W is determined by a pair {\p\,H), p : E W. and a class b in 
i7^(W,Z). From the Gysin sequence, since H\W,Z,) ^ we see that 

Z ~ H'^iW^Z) ^ H\W,Z) H^{E,Z) ^ is exact. Thus, every 
class in H^[E, Z) is the image of some class in H^{W, Z) from the Gysin 
sequence. This is the class b above. Further two such classes differ by 
an integral multiple of p. 

It is also clear that if ip : R3 2 -^3,2 is a deck transformation, then, 
since ^3^2 otp = ip o f represents the same triple over W. Thus, ip o f 
is also representable as {{p, H), b') for some b'. If f is the lift of a map 
/ : — )■ i?3^2 representing a triple {p, b, H) to i?3^2 then it is clear 
that all possible lifts may be represented as {{p,H),y -\- mp),m e Z 
where y G H'^{W,Z) and p*{y) = b. By the above, the action of the 
deck transformation is to shift {{p,H),y) to {{p, H),y + mp). Thus, 
Ip — TTi X f where f : R3 x K{Z,2) K{Z,2) is the map defined 
by ((p, H),y) ^ y + mp, m e Z, and ni : R3 x K{Z, 2) -)■ ^3 be the 
projection onto the first factor. □ 

It is clear that the map / above defines a class in H'^{R3 x K{Z, 2) , Z) . 
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As an illustration of this, consider all triples over S'^. For any prin- 
cipal circle bundle Ep ^ S"^, we have that H^{Ep,Z) ~ Z. Hence, for 
each pair ([p], &), the if-flux can have countably many values. 

Lemma 5.3. The set of unbased homotopy classes of maps ^ R^x 
K(1j, 2) modulo the action of the the deck transformation group on Rz,2 
is exactly the set of triples over S"^. 

Proof. Clearly, the set of unbased homotopy classes of maps S"^ R^x 
K{7j, 2) may be made based since both R^ and K[7j, 2) are connected 
and simply connected: This set is exactly 7r2(i?3 x K{Z, 2)). 

Hence, this set modulo the actjon of the the deck transformation 
group on Rs 2 is the same as 7r2(/?3,2) modulo the action of 7ri(i?3,2)- 
By Thm. 5.1, this is the quotient of under the action of the matrix 

( J 1 ). 

From the previous section (in particular the discussion before and 
after Thm. 3.9) we know that the quotient of Z^ by the matrix 



is exactly the collection of pairs over S"^. The action on Z^ leaves the 
last coordinate fixed. Hence, for each isomorphism class of pairs {[p], b) 
over S'^, we obtain a countable number of triples as required. □ 

Note that at least for 5"^, the only action of the deck group is to shift 
a pair {\p\,H) to an equivalent pair. 

6. The T-duality Mapping 

We note that the maps q2 : Rz,2 — > R2 and gs : i?3,2 — > -R3 have 
natural sections. Thus these maps are injcctivc on cohomology. In 
particular (from the Theorem below) _f/'^(i?3^2, Z) ~ Z^ ^ iJ^(i?3,Z) ~ 
Zai © Za2. Similarly, H'^{R2,Z) H'^{R^^2,'^). The latter map may 
be taken as the inclusion Z ^ Z ® Z into the first factor. Thus we 
may write ai = q^i^)- Further, from the Theorem below, we see that 
i7^(i?3 2, Z) ~ ZZ. Therefore I — ^2(0) and so ai • Z = since b ■ a — Q 
in H*(R2,Z) (Sec Eq. (5)). 

In addition since i?3,2 R3 is fiber-preserving over i^(Z, 2), and 
the natural map -R3 2 — >■ K{Z, 2) has sections, we see that Z[c] ~ 
//*(X(Z,2),Z)-^//*(i?3,2,Z). 



Theorem 6.1. The cohomology groups of R3^2 o-f^ 
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• ffO(i?3,2,Z) ~Z, 
. //l(i?3,2,Z)~Z/, 

• i/2(i?3,2,Z) ~ Zai ©Za2, 

• H^Ir3,2, Z) ~ Za2 © Za^ © Zx 

where ai ■ 02 = anrf ai • / = 0. Also, ai = g^l^)- 

Proof. 2 is connected, being a fiber product of two connected spaces 
over a connected space. Hence if°(i?3_2,^) — ^- We know that the 
universal cover of i?3^2 is -R3 x ir(Z, 2) with deck transformation group 
Z. Note that by the Hurewicz theorem, if^(^3_2,^) — 7r2(^3,2)- Fur- 
ther, since i?3,2 is the universal cover, 7r2(-R3,2) — '7r2(-R3,2) — Z^. We 
calculated the action of 7ri(i?3 2) on 7r2(-R3,2) above. Using this we see 
that the action of 7ri(i?3^2) on if^(i?3 2, Z) is multiplication by the same 
matrix. The cohomology ring of i?3,2 is given by 





~ Z, 




. H\Rs,2,Z) 


~ 0, 




. i/2(^3,2,Z) 


~ (Zai ( 


© Za2) © Zc, 


. H\Rs,2,Z) 


~ 0, 




• H\Rs,2,Z) 


~ Za?€ 


) Za| ffiZaiC © Zaac © Zc^ 



The action of the deck group on may be used to calculated the 
action of the deck group on H^. This is multiplication by the matrix 
(in the basis {of, a^, aic, a2C, c^).) 



/ 1 





2 





1 \ 





1 

















1 





1 











1 
















1/ 



We apply the Cartan-Leray spectral sequence to this universal cover to 
compute the cohomology groups of -^3,2- Since Z is cohomologically one 
dimensional, the sequence collapses at the E2 page itself. In particular 
only E^'^ and Ef^ are nonzero. We find that //°(Z, //«(^3,2, Z)) ~ 
//^(^3,2,Z)^ and H\Z,Hi{R,^2,^)) ^ i/''(^3,2, Z)/(0- 1)//^(^3,2, Z). 
Using this action we obtain the cohomology groups shown. 

Here are the puUbacks of the generator of if^(i?3, Z) and so 01-02 = 
0. In addition I is the puUback of the generator a of H^{R2, Z) via ^2- 
Also, oi = qlib) and so^^ ai-l — q^ih- a) — Also, x is a new generator 
in degree 3. □ 



'See Eq. (5). 
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Let ps : E3 ^ i?3 be the classifying bundle E of Ref. [2] Sec. 
(2.4). By Sec. (3), there is a classifying bundle p2 : -E'2 — >■ -^2- By 
the isomorphisms on discussed above, it is clear that ^'2-^2 — Q^E^ 
and we denote this bundle by £'3,2- This bundle has characteristic class 
ai G H^{R3 2, Let p : -^3^2 -^3,2 be the bundle map. 

Theorem 6.2. The cohomology groups of E^^2 are 

• H^{Es,2,Z)^Z, 

• H\Es^2,^) ^ ^y, 

• H\Es^2,^) ^ ^P*{a2) ® Zb, 

• H^{E3^2, ~ Zp*{a2l) e Zh. 

Here y — p*{l) so p\{y) — 0, ^1(6) = I and p\{h) — 02. 

Proof. Consider the Gysin sequences associated to ^3^2, -E'3 and E2. By 
naturality, there are morphisms from the sequences associated to £'3 

and E2 to the sequence associated to £"3^2 induced by the maps q2,q3- 
Further, the maps Qi have natural sections and hence q* are injective 
on cohomology. 

• Degree £3^2 is a fibration of a connected space (S^) over a 
connected base (-R3,2)- Hence it is connected and i7°(£'3 2, ~ 
Z. 

• Degree 1 From the Serre spectral sequence, we find that H^{E^^2, ^) — 
Zy. From the Gysin sequence for p : £3 2 Rz,2 we have 

Zl^Zy^ Z. 

Now, since p* is injective, by exactness, and the absence of 
torsion y — p*{l) and p\{y) — 0. 

• Degree 2 Prom the Gysin sequence associated to p : £3,2 — >■ -^3,2 
beginning at i?°(i?3,2,Z) we have 

Z ilz^ Zai©Za2 H\Es,2,^) ZZ ZasZ 

Prom the previous part of the sequence 4>i is injective. There- 
fore, by exactness H'^{E^^2,'^) ~ Zp*(a2) © Z6. Note that the 
generator w of H'^{E2, Z) pulls back to H'^{E^ 2) ^) as a gener- 
ator h. Then, wc have ^1(6) = / G H^{R^2,'^)- Under pullback 
by a classifying map W — )■ -^3,2, b pulls back to the i?-class of 
the triple ([p], 6, H) being classified. 

• Degree 3 

Consider the Gysin sequence for p : £3 2 i?3,2 
Zl Za2l H^{E^^2,Z) Zai©Za2 Za? © Zai © Zx. 
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We have that ai • / = (See Eq. (5)) hence p* is injective, 
also the last map has kernel Za2 C Zai © Za2. By exactness, 
H^{E^,2, ^ p*{a2l)®Zh. Note that H^{E^,2, Z) contains a Z- 
subgroup which is im(A2) — H^{E^^'L) ~ KL such that = 
a2. This class pulls back along the classifying map W R^^^ 
to the if-flux of the triple being classified. 

□ 

Thus over R^ 2 we have the canonical triple /i) corresponding 

to the bundle £^3^2 above. 

Lemma 6.1. The pullback of the fibration qs : i?3,2 R2 along the 
T-duality map T3 : R^ ^ R^ is i?3,2- 

Proof. We have a commutative diagram 

m ^3 2 

^3*2-^3,2 '-^ R3,2 

R3 > -R3 

where we define T3^2 as the map on i?3^2 induced by the pullback and, 
by definition, 

7^3:2^3,2 = {{x,y) G i?3 X RsMnix) = qs{y)}. 

Given f -.W ^ Tl,Rs,f{w) = {fi{w),f2{w)) such that T3 o A = 
?3 ° /2, we get T30 fi -.W^Rs and ^20/2 : — > -R2- Obviously these 
maps define pairs and {[p],H) with the same [p]. Conversely, 

given two such pairs, we obtain maps hi : W R3, h2 W ^ R2, such 
that 110 hi = /xo/i2 where /i : Ri ^ K^Z, 2) is the map sending a pair to 
the class of the principal bundle in the pair. We define gi — T^^ o hi : 
W ^ R3. By the universal property of the fiber product, there is a 
map g2 '■ W ^ Rz,2- Then qs o g2 = hi = T3 o gi by definition. Hence, 
(5^1,(72) give a well-defined map W — )■ T^2^^,'i- Therefore 7^3*2-^3,2 also 
classifies triples of the form ([p], 6, H) since a 2-pair and a 3-pair with 
the same [p] define and are defined by the same triple. Hence, by 
uniqueness of the classifying space of triples, we get a homeomorphism 

(j> : r3*2i?3,2 ^ i?3,2. □ 

Note that if X is a CW-complex, and f : X ^ R3 2 is a classifying 
map which corresponds a triple (p, 6, H) on X the pair associated to 
this triple is {p,H). The triple associated to T3^2 o / is {p^^ , b"^ , H"^) 
and the associated pair is Thus, we see that q2 o T3^2 7^ ?2- 

However, we always require 52 = ?2 ° <P, i-e., we require that Oi = ?2(^) 
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in i^*(i?3^2,^) and in if *(T*i?3^2, ^) as well. In addition we require 
that Qi ■ I — Qi ■ a2 — with no such relation on 02 in both spaces. 

Note that ^3 o T3_2 = ^3 o ?3 and hence T^2 ^^ts on H'^{R^^2, by 
interchanging oi and 02. 

Lemma 6.2. Let £"3 2 he the bundle over Rs,2 of characteristic class 
a2 e H'^{Rz,2,'^)- The cohomology groups of E^^2 are 

• i/0(42,Z)~Z, 

• H\Es^2,^) ^ ^y, 

• H^{E^,2,^)^^P*{a,), 

andp\{y) = 0,^ = P*(/), P]ih) = ai. 

Proof. The calculation for and is exactly the same as for if°(£'3 2, Z) 
and if ^(£'3^2, Z) with y replaced by y. 

• Degree 2 Consider the Gysin sequence for £3^2 beginning at 

Z ilz^ Zai©Za2 H^{Es,2,I^) ^ ^02/ 

The map (f)i is injective because of the previous part of the 
sequence. The last map is injective and surjectivc since a2-l ^ 
because we chose q2 = Q2° (p above^^. Hence, by exactness, the 
map p\ is zero and H'^{E2,,2,Z) — 

• Degree 3 Consider the Gysin sequence for £3^2 beginning at 

Zl ilz^ Za2l H^{E3^2,Z) Zai®Za2 ZajeZal^Zx 

The map 0i is an isomorphism and hence p* — 0. By exactness, 
H^(E3,2, Z) ~ Zh and plh) = Oi. 

□ 

Theorem 6.3. (1) The bundle p : £3,2 — > -^3,2 described above and 

cohomology classes b G H'^{Es,2,Z) and h G H'^{E3^2,Z) are 
such that 2 classifies the triple {[p],b,h) over R3^2- 
(2) Let T : £3^2 E^,2 be the map covering T3^2 : -^3,2 ~^ ^3,2, then 
T acts on the generators of the low- dimensional cohomology of 
H*{E3^2,Z) as follows 

• f*{y)^0 

• f*ip*{a2))^p*{a,) 

^^See paragraph after the proof of the previous Lemma. 
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. T*(p*(a2/)) = 

• f*{h) = h 

• The T-dual ofb is of the form kp*{ai) for some k. Hence, 

the T-dual of a triple {p, b, H) is a triple of the form {p,p*{y), H). 
(3) T^2 cannot be homotopic to the identity, i.e. T-duality for 

triples is not involutive. 

Proof. (1) Wc consider the triple {[p\,b,h) over i?3,2- This triple is 
classified by a map / : i?3^2 R3,2- Then /*(ai) = 02- It is 
clear that /*ii^3,2 = -^3,2- In addition if we forget the 5-class, 
the action of / on the pair {\p],h) is to transform it into {\p],h). 
This implies that o / = T3 o 53. Hence / is the homotopic to 
T3 2 by the uniqueness of the puUback square described in Thm. 
(6.'l) 

(2) Now, in the above two sequences, T^2 induces a natural map 
(oi, 02) — )■ (a2, ai) on if^(i?3^2, Z), further the induced maps on 
the remaining cohomology groups except H'^{Es^2,'^) are the 
identity. 

We have that p* o T*^ = f* op*. As a resuh, f{p*{a2)) = 
p*{ai). Also, we have Tg^sopi = pioT*. Hence p!oT*(6) = T3*2(0- 
However, from the Gysin sequence for £'3^2, we have 

Zp*(ai) 4 Zl "4' Za2l Vi. 

Now the map H^{R'i,2, — >■ -^"^(-^3,2, Z) is an isomorphism and 
hence p\ is zero. As a result, T^2i^) = 0) hence T*{y) = 0. 

Consider the above pair of Gysin sequences beginning at 
i/3(i?3 2,Z): We have for ^3,2 

Zl Za2l 4 Zp*(a2l) e Z/i 4 Zai Za2 '^-^ Za\ Za\ Zx 
and for £"3^2 

Zl Za2l 4 Z/i 4 Zoi © Za2 Za\ © Zal © Zx 

Prom the above action of 73*2 on if^(i?3^2, Z) it is clear that 
T*{h) = h. Also, since p* is an isomorphism and p* is zero, it is 
clear that T* {p* {a2l)) — 0. From the above, we have 

• f*{y) = 

. f*{p*{a2))=p*{ai) 

• T*(p*(a2/)) =0 

• f*{h) = /i. 
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• This is clear since, by the above, we know that p\{T{b)) — 
0. The result for the form of the T-dual triple is obvious. 

(3) From the above, it is clear that 

• ^3:2(0 = 

• T3*2(ai,0) = (0,02) and T3*2(0,a2) = (ai,0). 
. Tl^{a2l) = 

Therefore T^2 cannot be homotopic to the identity. 

□ 

Theorem 6.4. (1) There is a natural map 7 : i?3 — )■ 2 o-nd 
hence there is a natural triple associated to a pair (p, H) over 
any space, namely the triple {p,p*(p\H), H). 

(2) The T-dval of the triple in the previous item is the triple {p,p*{p\H), H), 
that is, T3^2 o 7 = 7 o T3. 

(3) Each class a in H^{K{'Z'^,2),Z) gives a map 7q, : i?3 — )■ i?3_2- 
Each of these maps is an inverse to the forgetful map R^^2 R3 
which 'forgets ' the class b. 

Proof. (1) Note that we have a natural map — )■ K^Z, 2)xK[Z, 2) 
which is given by sending {p,H) — ?> {p,p\{H)). We have a nat- 
ural identification (up to homotopy) of K{2,, 2) x K['L, 2) with 
i?2 and, as a result, there is a natural map j : R3 ^ R2- We 
may naturally associate to any 3-pair {p, H) over a space X a 2- 
pair (p,p*p\H) over that space. Note that the map 7 commutes 
with the natural maps fi : R^ ^ K{Zi, 2) and u : R2 ^ A'(Z, 2). 
Hence, there is a natural lift r/ of 7 to -R3 2 given by 77 : i?3 — )> i?3 2 
such that r]{a) — (0,7(0)) G -R3 x R2. This gives a natural 
triple associated to any pair (p, H) : To (p, H) we associate 
{p,p*p\H,H). 

(2) We know that under T-duality, the bundle E3 on R3 is mapped 
to the bundle £'3 on R3. If we examine the cohomology of these 
bundles, we see that the T-dual of the triple {p,p*p\h, h) should 
be a triple of the form (g, k.q*q\h, h), A; G Z. By the above the- 
orem, the T-dual is exactly the triple {q,q*q\h,h). This im- 
plies that the map 7 commutes with T32 and T3 : That is, 

T3,2°l = l°Ts. 

(3) Note that each map / : K{Z^,2) K(Z'^,2) up to homotopy 
gives a lift of the form above, if the map is such that /(a, b) = 
(o, a{a, b)). Thus, each element a in H^{K{Z'^, 2), Z) gives such 
a lift. It is clear that each of these lifts correspond to triples of 
the form (p, A;.p*(oi), h),k G Z on R3. Note that each of these 
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lifts is an inverse to the forgetful map i?3,2 R3 which 'forgets" 
the element 6 of a triple. 

□ 

We may now prove the result we conjectured in Sec. (4): 

Corollary 6.1. Let W be a CW-complex and p : E ^ W a principal 
S^-hundle over W. Let b e H^{E,Z) and H e H^{E,Z) be the B- 
class and H-flux on the bundle. Let be the T-dual triple. 

Topological T- duality induces a bijection between the sets 

{b + lp*p\{H)} and {b* + mq*q\{H*)}. 

Proof. Consider the universal bundle i?3 2 over i?3 2 and the T-dual 
bundle E^^2 over -R3,2- The result is obvious for the universal bundle 
since 6* is always of the form k ■ q*q\{H'^), k e Z. By puUback, the 
result is true for X. □ 

We now return to the question asked at the end of Section (1). By 
Lemma (1.1) and Section (2), for a given space X, at fixed H this 
is equivalent to knowing the image of the map T3 2 studied above. 
The above Corollary indicates that all automorphisms with Phillips- 
Raeburn invariant in a given coset map into automorphisms with Phillips- 
Raeburn invariant in another coset. This constrains the map and de- 
termines it in a large variety of cases as was seen previously in Sec. 
(4). 
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